Introduction {#Sec1}
============

Digraphs in this paper may have loops and parallel arcs. A digraph *D* is called a *multiple digraph* (or *multi-digraph* for short) if it has no loops. Furthermore, if *D* has parallel arcs neither, then *D* is *strict*. We follow \[[@CR1]\] for undefined terminologies and notation.
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For a vertex *u* of *D*, define the *out-degree* $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbf {d}=\{(d_{1}^{+},d_{1}^{-}),\ldots,(d_{n}^{+},d_{n}^{-})\} $\end{document}$, to determine whether there is a digraph *D* such that *D* has degree sequence **d** is a very essential problem in graph theory. This problem is closely linked with the other branches of combinatorial analysis such as threshold logic, integer matrices, enumeration theory, etc. The problem also has a wide range of applications in communication networks, structural reliability, stereochemistry, etc.

For a digraph *D*, if for any ordered pair of vertices $\documentclass[12pt]{minimal}
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                \begin{document}$(u,v)$\end{document}$, there is a directed path from *u* to *v*, then *D* is said to be *strongly connected*. Characterizations for a digraphic sequence and a multi-digraphic sequence with realizations having prescribed strong arc-connectivity have been studied, see Frank \[[@CR2], [@CR3]\] and Hong *et al.* \[[@CR4]\]. For more in the literature on degree sequences, see surveys \[[@CR5]\] and \[[@CR6]\].
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                \begin{document}$\langle\mathbf{d}\rangle$\end{document}$ be the set of all **d**-realizations. Frank \[[@CR2], [@CR3]\] (see also Theorem 63.3 in \[[@CR7]\]) showed that $\documentclass[12pt]{minimal}
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                \begin{document}$\sum_{i=1}^{n} d_{i}^{+} =\sum_{i=1}^{n} d_{i}^{-}$\end{document}$. If a multi-digraphic realization of **d** is required, then Hong *et al.* \[[@CR4]\] gave the following characterization.

Theorem 1.1 {#FPar1}
-----------

(Hong, Liu, Lai)
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                \begin{document}$\textit{for }k=1,\ldots, n,d_{k}^{+} \leq\sum_{i\neq k} d_{i}^{-}$\end{document}$.

Furthermore, for a strict digraph, there is a similar result. The following theorem, which can be found in \[[@CR8]--[@CR10]\] among others, is well known.

Theorem 1.2 {#FPar2}
-----------

(Fulkerson-Ryser)

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf {d}=\{(d_{1}^{+},d_{1}^{-}),\ldots,(d_{n}^{+},d_{n}^{-})\}$\end{document}$ *be a sequence of non*-*negative integer pairs with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d_{1}^{+}\geq\cdots\geq d_{n}^{+}$\end{document}$. *Then* **d** *is strict digraphic if and only if each of the following holds*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d_{i}^{+}\leq n-1, d_{i}^{-}\leq n-1\textit{ for all }1\leq i\leq n$\end{document}$;(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i=1}^{n} d_{i}^{+} =\sum_{i=1}^{n} d_{i}^{-}$\end{document}$;(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i=1}^{k} d_{i}^{+} \leq\sum_{i=1}^{k} \min\{k-1,d_{i}^{-}\} + \sum_{i=k+1}^{n} \min\{k,d_{i}^{-}\}\textit{ for all }1\leq k\leq n$\end{document}$.

Let *D* be a digraph and *k* be an integer. If for any arc set *S* of *D* with $\documentclass[12pt]{minimal}
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                \begin{document}$\langle\mathbf {d}\rangle$\end{document}$ may be very difficult. In this paper, we consider a multi-digraphic version. We will give a characterization for *k*-arc-connected multi-digraphs. Furthermore, we also give a characterization for multi-digraphs with arc-connectivity exactly *k*.

In the next section, we will give some tools and methods used in this paper. In Section [3](#Sec3){ref-type="sec"}, we characterize the sequence of pairs of integers to have a *k*-arc-connected realization. In Section [4](#Sec4){ref-type="sec"}, we characterize the sequence of pairs of integers to have a realization that has arc-connectivity exactly *k*. In Section [5](#Sec5){ref-type="sec"}, we give a conclusion of this paper.

Methods and tools {#Sec2}
=================

In this section, we give a special notation used in this paper that is also the main tool. Let *D* be a digraph and $\documentclass[12pt]{minimal}
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Note that in the operation of 2-switch, the two arcs $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbf {d}=\{(d_{1}^{+}, d_{1}^{-}),\ldots, (d_{n}^{+}, d_{n}^{-})\}$\end{document}$. By using the tools and the methods above, we obtain a sufficient and necessary condition of **d** to have a *k*-arc-connected realization (see Theorem [3.1](#FPar3){ref-type="sec"}). Furthermore, if we require the realization *D* to have arc-connected exactly *k*, then we get Theorem [4.1](#FPar6){ref-type="sec"}.

Degree sequence for *k*-arc-connected multi-digraphs {#Sec3}
====================================================

In this section, we shall present a characterization for multi-digraphic sequences with *k*-arc-connected realizations. We will give some notations used in this section fist.
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Theorem 3.1 {#FPar3}
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-----
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By definition, the arc-connectivity of a digraph *D* cannot exceed $\documentclass[12pt]{minimal}
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Degree sequence for multi-digraphs with prescribed connectivity {#Sec4}
===============================================================
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Proof {#FPar7}
-----
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Conclusions {#Sec5}
===========

In this paper, sufficient and necessary conditions for a sequences of pairs of integers have been studied. For a sequence $\documentclass[12pt]{minimal}
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                \begin{document}$n\geq6$\end{document}$, we give a sufficient and necessary condition of **d** to have a realization *D* that has arc-connectivity exactly *k*. These results extend a similar result from undirect graphs into directed graphs.
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